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Abstract 

We study the inverse problem for the second order self-adjoint 
hyperbolic equation with the boundary data given on a part of the 
boundary. This paper is the continuation of the author's paper [E] . 

In [E] we presented the crucial local step of the proof. In this 
paper we prove the global step. Our method is a modification of 
the BC-method with some new ideas. In particular, the way of the 
determination of the metric is new. 



1 Introduction. 

Let Q be a bounded domain in R n , n > 2, with smooth boundary dQ. 
Consider the hyperbolic equation of the form: 

L « = w + £ ^ + A ' (x) ) + A -^) 

(1.1) +V(x)u = 

in fl x (0,T ) with C°°(f2) coefficients. Here 1 1 c?- 7 fc (a;) 1 1 — 1 is the metric tensor, 
g(x) = det Hs^ll -1 . We assume that 



1.2) u(x,0) = u t (x,0) = in tt, 

'1-3) u \anx(o,T ) = f(x,t). 
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Denote by A the Dirichlet-to-Neumann (D-to-N) operator, i.e. 

_i 

(1.4) Af = g 3k {x) + iAj(x)uj ^ (JC 9 pr {x)u p u r J |anx(o,T ), 

where v = (z/i, v n ) is the unit exterior normal to dQ with respect to the 
Euclidean metric. Let T be an open subset of dQ. We say that the D-to-N 
operator is given on T x (0, T ) if A/|r oX (o,r ) is known for all smooth f(x, t) 
with supports in r x (0, To]. 

Denote by Go(Q) the group of all complex- valued functions c(x) such 
that c(x) in Q and c(x) = 1 on To- We say that potentials A(x) = 
(Ai(x), An(x)) and A'{x) = (A'^x), ...,A' n (x)) are gauge equivalent if there 
exists c(x) e Gq(D.) such that 

dc 

A'^x) = Aj(x) - ic~ l (x) — , l<j<n. 

OXj 

Note that if Lu = then 

(1.5) u' = C - l (x)u 

satisfies the equation L'v! = where V has the form fll.ip with Aj (x) replaced 
by A'j(x), 1 < j < n. We shall call (11. 5p the gauge transformation. 
We shall prove the following theorem: 

Theorem 1.1. Let L^ p \p = 1,2, be two operators of the form M.l\) in do- 
mainsQ ip \p = 1,2, respectively. LetT C dtt {1) ndQ {2) and let A&\p = 1,2, 
be the D-to-N operators corresponding to L^ p \p =1,2. Assume that i>) are 
self-adjoint, i.e. coefficients A^\x), An\x),V^\x) and Af' (x), An (%), 
V^ 2 \x) are real-valued. Suppose T > 2 max x6 jj(i) di(x, T ), where d\(x, T ) 
is the distance in Qi with respect to the metric ||gj fc (ic)|| _1 from x G fiW to 
T . Suppose that the D-to-N operators and are equal on T x (0,T ) 
for all f with supp f C T x (0,T ]. Then there exists a diffeomorphism 
ip of Q 2 onto Qi, tp — I on Tq, and there exists a gauge transformation 
c(x) £ G (W) such that cop L^ = L« m fiM. 

An important case of the inverse problems with boundary data on a part 
of the boundary are the inverse problems in domains with obstacles. In this 
case f2 = f2 \ U^f^, where Qq is diffeomorphic to a ball, Qi,...,Q m are 
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smooth nonintersecting domains in Q called obstacles, T = 8Qq and zero 
Dirichlet boundary conditions hold on <9f2 r , 1 < r < m (c.f. [El]). 

The first result on the inverse problems with the data on a part of the 
boundary was obtained in [I]. The general self-adjoint case was studied by 
the BC-method (see [Bl], [B2], [K], [KK], [KKL], [KL1]). The present paper 
is a continuation of the paper [E] (see also [E2]). In [E] the crucial local 
step was considered, i.e. the unique determination of the coefficients of (11.11) 
modulo a diffeomorphism and a gauge transformation near IV 

In this paper we complete the proof of Theorem 11.11 In §2 we state the 
main results proven in [E] and prove the extension lemma. In §3 we refine 
the results of §2, and in §4 we complete the proof of Theorem 11.11 

2 The summary of the local step and the ex- 
tension lemma. 

Let L^\p = 1, 2, be two operators of the form (HU) in x (0, T ), L {p) u p = 
in fiW x (0,T ), u p (x,0) = u pt (x,0) = 0, x E flW u p |r oX (o,T ) = /, ,P = 
1,2. 

Let T be an open connected subset of T and let x = (x', x n ) be a system of 
coordinates in a neighborhood V C R n of T such that x n = is the equation 
of T and local coordinates on T. Introduce semigeodesic 

coordinates in V corresponding to T and to the metric \\g p || _1 ,p = 1, 2: 

(2.1) y = ip p (x). 

Note that <p p (x) = (<p p i(x), <p pn (x)),p = 1,2, satisfy the following differ- 
ential equations (see [E], page 817) 



n 



dlf pn 8(f pn 

dxj dxk 



(2.2) 



1, < x n < 5, 



j,k=i 



ippn(x',0) = 0, 



(2.3) 




<f pr (x', 0) = x r , 1 < r < n — 1. 
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Denote by l/ p ) the operator in semigeodesic coordinates: 
i(P, % V 3\M + 1 C « + ^ U° + 1 



pn I ^p 



1 ( \ ( d \ 

+v p (z/K(y,*) = o, 

where u p (^ p (a;),t) = u p (x,t), L^u p = 0, p = 1,2. Denote 

(2.4) uWfc/.f) = (Uy'^e-^'^u^iy)^), p= 1,2, 
where the gauge transformation c p (y) = e~ l ^ y > G G (U) is such that 

(2.5) 4S(y) = + §^ = 0, = 0. 
Then satisfies the equation (c.f. [E], page 819): 
(2.6) 

ul- try- 



(p)..(l) 
1 M p — 


d 2 u p l) 


d 2 u p l) 


dt 2 


dyl 


A%(y)) 


9l\y) 


( i 9 

V 9yk 



pk 

+V>« = 0, p = l,2. 

Let T G (0,T ) be small. As in [E] denote by V P (T x (0,T)) the forward 
domain of influence of T x [0, T] for y n > 0,p = 1,2, and let Q v = {y' : 
(y',y n ,t) G 2}p(r x (0, T)),y n = 0,t = T}. It follows from the proof of 

Lemma 2.4 in [E] that Q 1 = Q 2 = f Q since A« = A< 2 > on T x (0,T). 

Analogously, let T> P {Q x (0, T)) be the forward domain of influence of 
Q x [0, T] for y n > 0,p = 1, 2. Let K> ( p) be the intersection of T> p (£ x (0, T)) 
with the plane T — y n — t = and let be the part of X> p ((? x (0, T)) below 
Y^\p =1,2 (c.f. [E], page 819). Note that A« = A( 2 ) on r x (0, Tq) implies 

that A^ = A< 2) on£x(0,T), where A^f = ^\ yn =o is the D-to-N operator 

corresponding to (see [E], page 819). Here /' = Up \y n =o,v!jP = = 
for t = 0, y n > 0. 

The main result of [E] is the following lemma: 
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Lemma 2.1. Let T pj p = 1,2, be such that the semigeodesic coordinates hold 
in JQo , Q C To and does not intersect dQ^ x [0, T p ] when y n > 0. 
Suppose AW = A^ on Q x (0,T), where T = min(T 1 ,T 2 ). T/ien ?4 = u 2 
/or y' e T,0 < y n < |,y n < t < T - y n and = L? ] m V x [0, f]. 

Remark 2.1 In [E] we assumed that T> p (Q x (0,T p )) does not intersect 
a^( p ) x [0, T p ] when y n > 0. It is easy to see that it is enough to assume 
that X$ does not intersect <9fi (p) x [0, T p ] for y n > since by the domain 
of dependence argument the solution of L^u p 1 ^ = 0, up = uLf = for 
t = 0, 4 1} = /' for Vn = 0, u p 1] = for (<9fi (p) x [0, T p }) n {y n > 0} restricted 
to does not change whether (<9fi (p) x [0, T p \) n {y„ > 0} intersects £>(£ x 

{0,T p ))\X$ or not. □ 
Denote L> p = ^(r x [0, f]) C = 1,2. Then <p = ^ l o ^ is a 

diffeomorphism of _D 2 onto D\. Note that gi(|/, 0) = <? 2 (?/, 0) (c.f. Remark 
2.2 in [E]). It follows from (J23J) that iti^f 1 ^), t) = Ci(3/)u 2 (<pJ *), where 
ci(y) G G (r x [0, 1 ]). Therefore 

(2.7) c 2 o tp o L (2) = L (1) in D u 

where c 2 (x) = ci(y?i(x)) G G (-Di). 

Remark 2.2 The subset T C T does not have to be small. There may 
be no global coordinates x = (xi, x 2 , x n ) near T such that x n = is the 
equation of T. In this case we take a finite cover {Vj},j = 1,...,N, of T 
and apply Lemma [231 to each Tj = T C\Vj, j = 1,...,N. Let T p j,ip p j, p = 
1, 2, j = 1, N, be the same as T p , ip p in Lemma [2.1[ 

Let T p = mini<j<N T p j, T = min(Ti,T 2 )- Maps ip P j, 1 < j < N, define a 

diffeomorphism ip p of D p onto the manifold T x [0, ^] where D p d = tp~ 1 (T x 
[0,f])cn (p) , p=l,2, ^ = IonF. 

Note that sets Q, X$ corresponding to Tj, 1 < j < N determine sets 
Q, X^ corresponding to the manifold T. Note also that u p l \y' ', y n ) (see (12.41) 
) is not a scalar function on T x [0,T], but a half-density as (g p (y' ,y n )) J ■ 

Therefore Lemma 12.11 implies: 

Lemma 2.2. Let T and T be such that Q C r , the semigeodesic coordinates 
hold m X^\p = 1,2, and X$ n (dtt^ \ (r n Uf =1 Vj)) = 0. S'uppoae 
A(D = A(2) 

on Q x (0, T). Denote <p = 1 o tp 2 . There exists a gauge 
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transformation c 2 G Gq(D{) such that (2.1) holds, or equivalently 



(2.8) L# = L\] } in Tj x [0, -], 1 < j < N, 

where Ly,p = 1,2, have the form Ii2.6\) in local semigeodesic coordinates in 

Tj x [0, -j]. For the brevity of notations we shall write = inT x [0, -|] 
instead of Ii2.8\) . 

— — (p) — 

Note that D p is the union of all geodesies in f2 ,p = 1,2, starting at T, 

orthogonal to T and having the length -|. 

Remark 2.3 In §4 we shall deal often with the following situation: Let 

V be the same neighborhood as in the beginning of this section. Suppose 

are defined also inV, p = 1,2, and = when x n < 0, i.e. in 

y_ ^ V \ Q w Let y = ip p (x) be the same as in (I2T2|) . (E3J). Therefore 
(p = ip~ l o ip 2 is the diffeomorphism of D 2 onto Z?i. We shall show that 
defining ip = I on V- we get a diffeomorphism of -D 2 U K_ onto U 
It follows from (12. 2p . (12. 3p and (12.71) that <p(x) satisfies the equations: 

II J*ll D <P I, jkn ( D<P\ T ■ rr 

\\9i = TT ^2 TT m ^ 
Dx \Vx J 

where is the Jacobi matrix of Since ip = I when x n = and since 

llfl^ II = 1 1 fli*' 1 1 when x n < we have that <p = I for x n < 0. □ 
Let B C T x [0, |] be a domain such that dB n T is open and connected. 
Denote B p = (p~ l (B). We assume that \ B v is smooth. Note that the 
restriction of cp — ip^ 1 o ip 2 to B 2 maps B 2 onto B\. The following extension 
lemma holds (see [Hi], Chapter 8): 

Lemma 2.3. There exists a diffeomorphism <pz ofVt^ 1 onto d = <p 3 (Q^) 
such that (p 3 \ B2 = ip and V5 3 |r = I- 

Proof: Since D 2 = f^iT x [0, ^]) and (p = tp\ = <p2 = I on Y there 
exists a smooth family ip t , < t < 1, of embedding of D 2 in R n such that 
ipQ = (p and xpx = I on _D 2 . The proof of this fact is similar to the proof of 
Theorem 8.3.1. in [Hi]. Denote A = B 2 U IV Define ip = I on IV Denote 
by B 2 the union of a small neighborhood of D 2 and a small neighborhood of 
r . We can extend ip t , < t < 1 from Z} 2 to _B 2 preserving the properties 
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that ij)Q = ip on A, ip t = I on T , ijji — I on Ti 2 , is an embedding of 
Ti 2 in R n . Now applying Theorem 8.1.4 in [Hi] we get that there exists a 
diffeomorphism ip% of R n onto R n , <ps = I for \x\ > N, N is large, such that 

(2) 

^Pz\a = V 9 - Taking the restriction of ip 3 to f2 we prove Lemma [2.31 □ 

(3) (3) 

Denote by C3 E Go(£l ) the extension of C2 from B\ UTo to f2 , where C2 

is the same as in (jOl . c 2 = 1 on T , fi (3) = J <^ 3 (fi (2) ). Let = c 3 o^oL( 2 ' 
be the differential operator in f^ 3 ). We have that Lfi> = L^ 1 ' in B\. Note 
that Ex C n fi (3) and T C dtt^ n dfi( 3 ). 

Let Ti = (r \ (dBi n r )) U \ f ) and let 8 = max zeSi d x (x, r ), 
where c?i(x, r ) is the distance in B\ from x 6 Bj to r . Note that F 1 C 

Let A^) and A^ 3 ) be the D-to-N operators corresponding to and l/ 3 -* 
in domains f^ 1 ) x (0, To) and f^ 3 -* x (0, To), respectively. For the simplicity 
of notations we continue to denote by A^, A^ 3 ^ the D-to-N operators corre- 
sponding to and L^ in smaller domains (Q^ \ Bi) x (8, T — 8), (Q^ \ 
Bi) x (8, T — 8), respectively. 

The following lemma was proven in [E], Lemma 3.3. 

Lemma 2.4. If A^ = A® on T x (0, To) then the D-to-N operators cor- 
responding to on domains (Q^ \ B{) x (5,T — 8) , [Vt^ \ B{) x 
(8, T — 8) respectively are equal on Fi x (8,T — 8). 

Note that the inverse of Lemma 12.41 is also true: 

Lemma 2.5. Suppose the D-to-N operators corresponding to on 
domains (f^ 1 ' \ Bi) x (0,T ), (f^ 1 ) \ B\j x (0,T ) ; respectively, are equal on 
?x x (0,T ). Then A« = A® on T x (0,T ). 

Proof: Let / be a smooth function on dil^ x (0,T ), supp / C r x 
(0, To]. Let u\ be the solution of the initial-boundary value problem 

L {1) n 1 = in fi (1) x(0,T ), 
ux(x, 0) = u lt (x, 0) = 0, wi|«iC 1 )x(o,zb) = /■ 

Denote by f\ the restriction of u\ to F\ x (0,T ). Let u 3 be the solution of 

L®u 3 = in (^ 3 )\50x(0,To), 
u 3 (x,0) = u 3t (x,0) = 0, xen^\B u 
uakx^ro) = /1, «3 = 0on ((9(fi (3) \T7 1 ))\r 1 )x(0,T ). 
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Note that u x is also zero on ((<9(fi (1) \ ~B[)) \ T\) x (0,T ). We have that 
A (1) /i = A (3) /i on T 1 x (0,T ) by the assumption. 

Let u 3 = u 3 in (tt^ \ 5^ x (0,To)_and u 3 = iti in ~B X x (0,T ). Since 
A^/x = A( 3) /x and = in £?i we get that u 3 is the solution of 
L(3)u 3 = in fi( 3 ) x (0,T ). Note that u 3 (x,0) = u 3t (x, 0) = for x G fi (3) . 
Also £t 3 |r ox(0iTo) = iti|rox(o,T ) = /, «3 = on (9fi^\r ) x (0, T ). Moreover, 
A (3) j = A (i) j on ro x (o, T ) since u x = u 3 in B x x (0, T ) and A« = A( 3 ) on 

rix(0,T o ). □ 



3 Refinements of Lemma 2.2 



In this and the next sections we shall show how to use repeatedly Lemmas 12. II 
- 12.51 to prove Theorem ll.il We shall prove the following lemma considering, 
for the simplicity, first the case when T = To and dTo = 0. 

Lemma 3.1. Let dT = and let T\ be such that the semigeodesic coordinates 
for L« hold in D 1 = ^ l (T x [0, f ]) and D 1 n (<9fi« \ T ) = 0. Let T* be 
such that the semigeodesic coordinates for L^ hold in D 2 = y^tTo x [0, -y]) 
for any T 2 < T* and D 2 H (dtl^ \ r„) = for any T 2 < T*. Suppose that 

(2) 

there exists a focal point of a geodesies 70 mfi , starting at T , orthogonal 
to T and such that y n0 = where (y' ,y n o) are semigeodesic coordinates of 
the focal point. Then, assuming that A^ = A^ on T x (0, T ) and T > T 1; 
we have that T 2 * > T x and ijp = Lf ] in T x [0, f-]. 

Proof: Consider the bicharacteristics system: 

doc r j d^H. y (y x f . Pf ^ 



dt dp 



x r j(0) = yj, 1 < j < n- 1, r = 1,2, 



j 



ro i\ dx rn dH r (x r ,p r ) . . 

(3.1) ~~u~ ~ ~ > x rn (0) = 0, r = l,2, 

dt dp n 

= JJU^^ ^ = 0| ! < ^ < „ _ lf r = lf 2> 

dprn dff r {X r , p r ) , . 1 -i n 

IT = « ' P" = / f=f . r = 1, 2. 



Here H r (x,p) = yYllk=i9r k (x)p j p k . Let ^(x) = (wlO), ^(V)) be the 
same as in (ED, (E31). Then p rj (t) = ^ r(t)) , 1 < j < n, r = 1,2, and 
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flOD implies that ^» = £-=i p rj (t) = H(x r (t), Pr (t)) = 1- 
Since y? m (x(0)) = we get that 

(3.2) v9 rn (x r (t)) = £. 
Note that implies: 

d(p rj (x r (t)) _ dcp rj (x r (t)) dx rk _ d(p rj (x r (t)) dH r (x r , _ 
dt ^ dx k dt ^ cte fc <9p fc 

1 < j < n - 1. 

Therefore 

(3.3) (p rj (x r (t)) = <p rj (x r (0)) = iprj(y', 0) = Vj, 1 < j < n - 1, r = 1, 2. 

Denote y n = t. The coordinates (y±, y n -i, y n ) are the semigeodesic coor- 
dinates. Consider the change of variables 

(3.4) Xj = x rj (y u ...,y n ), l<j<n, r = l,2. 
Assume that the Jacobian 

det — ^ 0. 

D(y 1 , ...,y n ) 

It follows from (13.21) . (13.31) that (13 .4[) is the inverse to the change of variables 
(12.11) . since we have : 

Vj = <Prj(x r (yi, ...,y n -i,t)), 

Vn = (frn(x r (yi, —, Vn-1, t)) = t. 

Therefore = Note that the solution of the system ($31$ exists 

for all tEH. Therefore ^£ is smooth for all y. However the Jacobian 

Dy y 
det may vanish for some y. Such y are called the focal points (caustics) 

for the Hamiltonian system (13. ip . Then det -jf 1 - — > oo when y = ip r {x) 
approaches a focal point. Suppose T 2 * < T\. Then there exists a focal point 
2/ (0) = (y'o, Vno) e T x [0, ^-] for the system (JHUD when r = 2 and y n0 < f-. 
We have near ^^(see (1.8) in [E]): 

(3.5) det \\g{ k ^ r (x))\\ = det ||^ fc (x)|| (det ^) , 
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where ||^ fc (y)|| 1 is the metric tensor in semigeodesic coordinates. If y G 
T x [0, y] an d * s c l° se to y n0 , y < Uno < we have, by Lemma [221 
that <7j fe = g 3 2 k . Consider (13. 5p when r = 1. Since y^ is not a focal point 
for r = 1 we have that det ^p- is bounded. Therefore det ||<7i*|| is bounded 

near y(°\ Now consider (13. 5p for r = 2. Then (det jt 1 ) 2 = det |{%J is also 

bounded when ?/ — > y(°\ Therefore y^ is not a focal point for r = 2 and this 
is a contradiction. Therefore we can take T 2 = T\ and we have = in 

r x [o,f] (c.f. (J23D). □ 

Lemma 3.2. Lei dT = and Zet Ti be such that the semigeodesic coordinates 
for L« hold in D 1 = ip^To x [0, -]) and D x n (<9^ (1) \ T ) = 0. Then 
semigeodesic coordinates for hold also in D2 = ip 2 (Tq x IPj lt])i -^2 H 
(<9fi( 2) \ T ) = and = 4 2) in T x [0, f ]. 

Proof: Suppose D 2 intersects d£l^ \ T . Let x^ -* be the point in D 2 H 
(df^ 2 ) \ r ) closest to T and let = (y ! , y n0 ) be the semigeodesic coor- 
dinates of x(°\ We have by assumption that y n0 < y. For any y < y n0 

we have by Lemma 13.11 that Ly = U{ in To x [0, y]. Therefore by the 

continuity = in r x [0, y n o\. 

Denote by 70 the geodesies in f2 starting at x^ G r , orthogonal to r 
and reflecting at \ Tq at point x^ ' . Since x^ is the closest point to To 
in D±, the angle of reflection at x^ is |. Denote by U2 the geometric optics 
solution depending on large parameter associated with 70 and its successive 
reflections (c.f. [E], page 824, and [E2], pages 28-29). We have L (2) n 2 = in 
tt^ x (0, T ), u 2 = u 2t = for t = 0, and « 2 |anWx(o,To) = / where SU PP / is 
contained in a small neig hborhood of (x (1) ,ti) G T x (0,T ),ti > 0, where 
(x^'jti) is the starting point of the broken ray 70. In semigeodesic coordi- 
nates U2 is concentrated (modulo lower order terms) in a small neighborhood 
of a broken ray y' = y' , y n -t = ~h for t x < t < y nQ + t 1} y' = y' , y n + t = 
2y n o + h for y n0 + t\ < t < t x + 2y n0 , y' = y' , y n - t = -t\ - 2y n0 for 
t>t 1 + 2y n0 , etc. 

Denote by U\ the solution of L^ui = in f^ 1 ) x (0,T ), U\ = u u = 
for t — 0, Mi| a Q(i) x / 0) T ) = /• Let u p be related to u p ,p = 1,2, by formulas 
(EH). Since = A< 2 > on To x (0, To) we have that n^ and u 2 have 
tha same Cauchy data when y n = 0. Since L^' = in r x [0, y n o] 
we get, by the unique continuation theorem (see [T]), that = u 2 for 
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y E T x [0, y n o], < t < T — y n0 . However, y^ is not a point of reflection 
for u±. Therefore ^ u 2 for y n0 + ti < t < y n0 + ti + e, y n < y n o, where 
e > is small. This contradiction proves that (dQ^ \ T ) D D 2 — 0. □ 
Now we shall consider the case when T C To may have a boundary, 
i.e. when dT ^ 0. Let 7\ be such that all conditions of Lemma 12.21 are 
satisfied. Let X$,j = 1,2, be the same as in Lemma [2.21 Denote by A^ 

the projection of on the plane t — 0, j = 1, 2,p — 1, 2. Note that A^ are 

contained in the strip < y n < y. Let f C T be such that A 2 C T x [0, y] 
where A 2 is the same as A^ when T is replaced by f . 



We will need the following proposition: 



Lemma 3.3. Let L^ v \p = 1,2, be two operators such that L± = in 

— - m — (1) m —(2) —(1) 

(r\T) x [0, Suppose A 2 cTx [0,f]. Then A 2 C A 2 . 

—(2) 

Proof: Suppose there exists (y' ,y n o) € A 2 , where y n0 < y, (v'^Vno) £ 
— (i) —(2) — 

A 2 . Note that (?/q, y n0 ) £ A 2 m eans that there exists ^ E £ such that the 

shortest path 7 connecting (y^, 0) and (y' , y n0 ) has the length [7] < T\ — y n0 . 

Here Q is the same for r as Q for T (see §2). If 7 is contained completely 

in (r \ Q) x [0, y] then we must have {y' ,y n o) G A 2 since = 
in (r \ T) x [0, —]. Suppose there is a part of 7 that does not belong to 
(r \ (?) x [0, S.]. Let (y 2 , y n2 ) E dQ x [0, — ] be such that the part 71 of 7 
connecting (y' 2 ,y n2 ) and {y' ,y n0 ) is in (r \ £) x [0,^]. Denote by 72 the 
remaining part of 7. Let 7 2 be the straight line connecting (y' 2 , y n2 ) and 
(y' 2 ,0). Since the metric for has the form (dy n ) 2 + YTj~k=\9^jkdyjdyk we 
have that the length \^' 2 \ of 7 2 is less or equal than |7 2 |. Therefore T — y n0 > 
ItI = |7i| + I T2 1 > |7i| + It^I- The path 7 2 U7i is contained in (T\Q) x [0, y]. 

Since iJp = in (r \ f ) x [0, —] we have that 7 2 U 71 is contained in A 2 . 
— (i) 

Therefore (y' ,y n o) £ A 2 . This contradiction proves Lemma [3.31 □ 
The following lemma generalizes Lemmas 13.11 and 13.21 to the case when 
dT ± 0. 

Lemma 3.4. Consider Y C To such that dT ^ 0. Let < T\ < Tq be 
such that the semigeodesic coordinates for LP-' hold in ipl 1 {T x [0, y]) and 

(dn^ \ T) n <p^(r x [0, f ]) = 0- Let f C r be such that A 2 1} C T x [0, y]. 
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Suppose that semigeodesic coordinates for hold in (r\T) x [0, y], (<9f2^ \ 
r) n ^((f \ f ) x [0, -]) = and 4 1} = in (f \ f) x [0, - ]. Then the 
semigeodesic coordinates for hold in f x [0, y], (df^ 2 ) \ T) fl v^fT x 
[0, -]) = and = in Fx [0, y]. 

—(2) -^(1) 

Proof: Since A 2 C A 2 C T x [0, y] (see Lemma 13. 3j) we have that 
there is no focal points for in A 2 2 ^ \ (f x [0, y-]). Repeating the proof 
of Lemma 13.11 with r replaced by T we get that there is no focal points 
for 4 2) in f x [0, y] and Lj 1} = Lf ] in f x [0, y] assuming that Z = J 

(<9fi (2) \ T) n ^2 X (f x [0, y]) = 0. Now we shall show that the set Z is 
empty. Suppose Z ^ 0. Since (<9fi( 2 > \ T) n ^(flf x [0, y]) = the point 
(y' n0 ,y n o) £ Z closest to r belongs to T x [0, y], i.e. is an interior point 
off. 

From this point we can repeat the proof of Lemma 13.21 to get a contra- 
diction. □ 



4 The global step. 

We start this section with a lemma (Lemma 14.11) that will play a key role in 
the global step of the proof of Theorem 11.11 

Let 0(Si) be a ball in r : 0(5i) = {x' E T , di(x',x' ) < 8±}, where 
x' G r , di(x',x' Q ) is the distance on r induced by the metric \\g{ 
Let R be the union of geodesies in with respect to the metric \\g{ 
starting on O(Si), orthogonal to T and having the lengths T, 2T < T . We 
assume that these geodesies have no focal points in R and do not intersect 
Therefore we can introduce semigeodesic coordinates y — ipi (x) 
in R using these geodesies. By the continuity the semigeodesic coordinates 
y = ipi(x) hold in a larger domain Rq D R, i.e. there exists a small 82 > 
such that 0(6i + 8 2 ) C r and y = ipi( x ) is a diffeomorphism of R onto 
0(5, + 5 2 ) x [0,T]. ' 

Denote by Ri the union of all geodesies in R Q with the lengths 83. We 
will choose £3 < 62- Let R[ be the union of geodesies in with respect to 
the metric \\g^ starting on 0{8\ + 82) orthogonal to r and having the 
lenghts ^3. Let y = ^2 0*0 be the semigeodesic coordinates on R[, i.e. ip2 is a 
diffeomorphism of R 1 onto 0(8\ + $2) x [0, 83}. 
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Sk-i 



8 3 + (k+l)e 
8 3 + ke 



83 + e 




Figure 1. Domains Rk and boundaries Sj._i, k > 2. Sfc_i is drawn in bold. 



Note that the metrics on To induced by ||gi fc || 1 and \\gi \\ 1 are the same 
since 

A (l) = A (2) 

on To x (0,To) (c.f., for example, Remark 2.2 in [E]). Note 
that ip 3 = ip^ 1 o ip 2 is a diffeomorphism of R 1 onto R\. Since £3 > is 
small we can apply Lemma 12.11 or Lemma 12.21 to get = in Ri where 
L(3) =C3 o^ olP\ c 3 G G0CR1), ^3 = / and c 3 = 1 on 0{8 X + 5 2 ), £ (3) is 
an operator on R x . 

Let xj? be the same as in §2 when Y is replaced by 0{8\ + 4p) and let A^ 

be the projection of 011 the plane t = 0,p = 1, 3. If £3 is much smaller 

— (1) -^(3) -^(1) 

than 62, we have that A 20 C 0(8\ + #2) x [0,^3] and therefore A 20 C A 20 

(c.f. Lemma [373]) . 

Let Si = where <7i = 0(<5i + 8 2 ) \ 0(6 X ) when y n = 0, 01 = 

<90(<5i) when < y n < <5 3 , o"i = 0{5\) when y n = 8 3 (see Fig. 1). Here 
y = ipi(x) are the semigeodesic coordinates in R . Note that o\ has edges 
when y n — 0, G <90(5i) and when y n = 83, y' G <90(5i). We will smooth 
Si = ^jf (<Ti) near these edges to obtain a smooth surface Si. We can 
arrange the smoothing in such a way that Si and Si differ only in a small 
neighborhood of edges of the size 0(e) where < e <C 83. Denote by R 2 the 
domain bounded by Si and 0(8% + 8 2 ). Note that R 2 C R\. Using Lemma 

12.31 we can extend ip 3 from r' 2 d = tp 3 1 (R 2 ) C to as a diffeomorphism 
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of n { > onto H W = ; ^ 3 (^ (2) ), ^3 = / on T and extend c 3 from R 2 to fi® 
as an element of Go(^ )■ It follows from Lemma [2.41 that = on 
Si x (5 3 ,T -5 3 ). 

Denote by Si the union of all geodesies in Q 1 with respect to the metric 
||<?i fe || -1 , starting at Si, orthogonal to Si and having lengths e > 0. Since 
£ > is small (we assume that < e <C 5 3 <C 5 2 ) there is no focal points in 
5*1 and the interior of Si does not intersect dil^. Since e <C S 3 we can apply 
Lemma [3.41 to 5*i and Z/ 1 ), L™. We get that there is a diffeomorphism ^41 

of 5*i onto Si d = ip4i(Si) C f2 3 and a gauge transformation C41 G Go(S'i)) 
such that if 41 = / on Si, c 4 i = 1 on Si and L^ 1 ' = on Si, where 

LWt^otfolW. _ _ _ 

Define ^ 4 = on 5 1; ^ 4 = J on i? 2 , c 4 = C41 on Si, c 4 = 1 on R 2 . 

Since = in _R 2 we have that tp^ is a C°° diffeomorphism on Si U R 2 

and C4 G Gq(Si U i? 2 ) ( c.f. Remark 2.3 ). Using Lemma [2.31 we can extend 

1 ( 3 ) 

the diffeomorphism tp' A from Si U R 2 C f2 to . We can also extend c 4 

from Si U i? 2 to fi( 4 ) = f ^ 4 (n (3) ). 

Define ^ 4 = V> 4 ° V>3, c 4 = c 4 (x)c 3 (V' 4 " 1 (x)). Then L« = in 5 X U R 2 
and L 14 ) = c 4 o ^ 4 o i/ 2 ) is an operator in 

Let cr 2 be the same as <7i with <5 3 replaced by <5 3 + e, let S 2 = ipi l (o- 2 ) and 
let S 2 be the smoothing of S 2 (see Fig.l). Denote by _R 3 the domain bounded 
by S 2 and 0(S 1 + S 2 ). Note that R 2 C R 3 C SiUi? 2 . Therefore L« = L (4) in 
#3. It follows from Lemma E31 that A (1) = A (4) on S 2 x (5 2 + e,Tq-5 2 -e). 

Now repeat the same construction with Si replaced by S 2 . 

We will get a domain S 2 C fi^" consisting of all geodesies with respect to 
the metric ll^i^H -1 starting on S 2 , orthogonal to S 2 and having the length e, 
where e <C 6 3 is the same as above. Applying Lemma [33] and Remark 2.3 we 
get a diffeomorphism ip' 5 of S 2 U R 3 onto S 2 U R 3 and a gauge transformation 
4 G G (S 2 U i? 3 ) such that = L (5) on S 2 U R 3 where L® = c' 5 o ^5 o 
L* 4 -', ^ C is the same as S 2 with respect to the metric Hs^H -1 . Using 
Lemma 12.31 we extend ^5 from S 2 U R 3 C f2 to f^ 4 -* as a diffeomorphism 
of fi*' 4 '' onto f2 ( ' 5 ^ d = i/j' 5 (Q^). Define ^5 = ip' 5 o ^ 4 , cs(x) = c' 5 (x)c4(^ 1 (x)). 
Then "05 (x) is a diffeomorphism of f2 onto f2 

Analogously, let a 3 be the same as <Ti with <5 2 replaced by 5 + 2e, S 3 = 
ipi 1 (o' 3 ) and let S 3 be a smoothing of S 3 . Denote by R4 the domain bounded 
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by £ 3 and 0(8 1 +8 2 ). Then R 3 C R A C (S2U.R3) and = c 6 o^ 6 oL( 2 ) on R 4 , 

where i/jq is a diffeomorphism of Q 2 ^ onto f2 < ' 6 ' ) d = and c 6 G Gq(Q^). 

After = JV steps we get a domain Rn D R, a diffeomorphism ipN+2 of 

f2 2 ^ onto f2 ( ' Ar+2 ' ) and a gauge transformation cn+2 £ Go(^ 7V+2 ' > ) such that 
L (1) = ctv+2 o o L (2) on _Rat, = / and c^+2 = 1 on T . 

We proved the following lemma: 

Lemma 4.1. Lei O' G Tq be a small neighborhood of 0(Si + £2)- Suppose 
A (i) = A (2) on q, x (0^0). Let R C 6e the same as above andT < f . 

T/ien i/iere exists a diffeomorphism Lp of R onto R' d = (f(R) G f2 2 and a 
gauge tranformation c G Gq(R) such that = c o ip~ l o L^ 2 ^ on R, ip — I 
and c = 1 on 0(Si). 

Remark 4.1 In order to prove Lemma [4.11 we used L^ p \p =1,2 only in 
a small neighborhoods of R and R'. The properties of L^ p \p = 1, 2, outside 
of these neighborhoods play no role. For example, L^ p \p = 1,2, are not 
required to be self-adjoint outside of neighborhoods of R and R '. 
Remark 4.2 The following generalization of Lemma [4. II holds: 
Let x^ G To and let x^ be an arbitrary point in f^ 1 ). Let 7 be an 
arbitrary curve in connecting points x^ and x^ and having the length 
less than There exists a neighborhood Vq C f^ 1 ) of 7, a diffeomofphism 

^0 of V onto = ^o(^o) C and there exists a gauge c (x) G Gq(V ) 
such that = c o ^/j^ -1 o L^ 2 ^ in Vq, ?po — I an d c = 1 on Vq H T assuming 
that = A^ 2 ) on O x (0, T ) where O C T is a small neighborhood of 

Vq n r . 

To prove this result we approximate 7 by a piece-wise smooth curve 
consisting of geodesic segments and prove Lemma 14.11 successively for each 
geodesic segment (see similsr arguments below). □ 

Now we actually start the global construction (c.f. [KKL] and [KKL1]). 

Since VL is compact there exists 5q > such that for any point x^ G £1 
the geodesies starting at x^ form a local system of coordinates in B(x^°\ 5q)\ 
B(x^\ 8) for any < 8 < 8q. Here B(x ( -°\ r) = {x : d(x, x^) < r} is a ball of 
radius r. We assume that the metric || g{ k \\ _1 is extended to a (^-neighborhood 

of Therefore B(x {0) ,8 ) make sense when £?(x (0) ,5 ) H <9fi (1) ^ 0. Let 
Ei > be such that the semigeodesic coordinates with respect to dCl^ hold 
in 2ei-neighborhood of dQ,^ and the interior of this neighborhood does not 
intersect dQ^. For each x^ ' G dVl^ consider a ball B(x^°\ei). For each 
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x {o) e consuder a ball B(x^°\r) such that r < & and B{x { -°\ r) H<9fi (1) = 

0. Such balls form an open cover of and since is compact there exists 
a finite subcover r^)}, k = 1,...,N. Denote by Q £1 the union of all 

balls B(x {k \r k ) such that B(x {k \r k ) n <9fi (1) = 0. 

Let T and T be the same as in Lemma 12.21 Repeating the proof of 
Lemmas 12.21 and 12.31 and using th same notations we get a domain B\ C 

fiW, fl T 7^ and connected, a diffeomorphism </?3 of onto £1 3 
ips(0, ) and a gauge transformation C3 E Gq(^1 ) such that L^ 3 ^ = in 
B\ C fl f^ 3 - 1 where L 1 - 3 ) = 030(^30 is an operator in (y9 3 = J On 
r . Since y? 3 = / on T we have that A (3) = A (1) on T x (0, T ) where A^ 
is the D-to-N_for L®. Let r\ = (r \ (r n9B t ))U \ r ). Note that 

r x c d(n^\B 1 )nd(n^\B 1 ). 




Figure 2. The domain Uq. The boundary So is drawn bold. 



Take arbitrary point x^ G B\ such that d(x ( -°\ Ti) = 2e^ where £2 is 
much smaller than So- We have that B(x^°\ 62) C -Bi. Pick some geodesies 70 
starting at x^ and denote by £/o the part of B(x^°\ S) \ B(x ( -°\e2) consisting 
of all geodesies 7 starting at x^ and having an angle less than 7r — e 3 with 
7o at x^°\ We choose 5 < 5q,7o an d £3 such that Uq H df^ 1 ) = 0. Denote 
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by So a smooth surface in B\ that contains !7 fl dB(x ( -°\ 82) and divides 
Bi in two domains, B^ and B^ , where Bf is bounded by I\ and Sq, and 
Bf = Bi\B 1 (see Fig. 2). We assume that f^ 1 ) \ B l has a smooth boundary 
that includes S . Denote T 2 = S U (T 1 \ dB^). Since = L« in B~ 
and A (3) = A (1) on T x (0, T) we get from the Lemma [23 that A (3) = A (1) 
on T 2 x (£', T — <5'), where 5' = max xg5 ~ c?i(x, r ) and we consider the D- 

to-N operators corresponding to in domains (Q^ \ B 1 ) x (5', To — 

5'), (^\^)x(5',T o -50- 

Now apply Lemma HJ] to U C \ -B x ) instead of R. Let [/q be the 
union of all geodesies in with respect to the metric ||s^ fc || _1 starting at 
UoDdB(x^ \ 82), orthogonal to dB (x^°\ 82) and having the length 5— 82- Note 
that B(x ( -°\8 2 ) C Bi C fi^ fl Q( 3 \ Since 

A(D = AO) 

on T 2 x (£', T — 5') , the 

Lemma [47X1 implies that there exists a diffeomorphism <^ of U C onto Uq 
and there exists c(x) G C°°([/ ), c(x) 7^ in U such that c o ip o L( 3 ) = 
in [7 , V 9 = I an d c = 1 on So fl f/o- Define </? = / on Bi \ Uq and r . Also 
define c = 1 on B\ \ Uq and r . Since = l/ 1 ) in Uq fl B\ we have that 
if — I and c = 1 in Uq fl -Bi. Therefore (p and c are C°° on Uq U Bi U r 
(c.f. Remark 2.3). Applying Lemma T2. 3 1 we can extend ip from Uq U -Bi U r 

to 3 as a diffeomorphism of onto ip(Q^) and extend c from 

(4) (4) 

Uq U Bi U r to Vt as an element of Gq(Q ). 

Let pi = p o p 3 . Then y? 4 is a diffeomorphism of f2 onto f2 . Let 
04(0;) = c(x)c 3 (p>~[ l (x)) G Go(^^. Then we have = c 4 o ip A o Z^ 2 ) is an 

operator in fi< 4 ) equal to l/ 1 ) in Z7 U ~B X C n H (4) . 

Therefore applying Lemma [4. II to [/o we gained that B\ is replaced by a 
larger domain [/ U Bi. 

Taking a point x^ G [/0U.B1 instead of x^ we can construct a domain U\ 

similar to Uq. For the brevity we shall call by {/-type domains the domains 

similar to Uq. We shall show that adding a finite number of [/-type domains 
0(1) 

we can cover \l . 

Take any ball B(x^ p \r p ) C f2 £l . Since is connected, the point x^ can 
be connected with x^ G B\ by a broken geodesies (c.f. [KKL]), more exactly, 
there exist points y\ = x^°\y2, ■■■,Un 1 = such that and yk+i, 1 < k < 
Ni — 1, can be connected by a geodesies of length < y. Using a sequence of 
[/-type domains we can cover this broken geodesies including Adding 
more [/-type domains if needed we can cover B(xV>,r p ) too. We can do this 
with any ball B(x (j '\r p ) C f2 £1 . Therefore inserting M of [/-type domains 
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Ui,...,Um in we get a sequences of domains fi^,4 < < M + 4, 
diffeomorphisms tpk of onto fi^ and gauge transformations Ck G Gq(Q^) 
such that L 1 ) = in S L U (uJl^C/j-), 4 < fc < M + 4, where L« = 
c fc o ^ fe o £( 2 ) are operators in B l U (uJljE/,-) C n fi( fc ), A« = A^ 
on T x (0, T ) 4 < fc < M + 4. 

Let M be such that fi ei C 5iU (U^ t/,-) C n fi( M+4 ). We have 
L (i) = L (M+4) in and A (i) = A (M+4) on Fo x (o,T ). 

Note that we choose Uj,0 < j < M, taking into account the geometry 
of f^ 1 ) and the metric \\g{ regardless of the geometry of and the 
metric Hg^H -1 , 2 < p. 

Now consider the cover of Q 1 \ Q ei by [/-type domains. Let a = dQ^ H 
B(iW,£i), where is a finite cover of cft^ 1 ). Denote by Um+i 

the union of all geodesies with respect to the metric ||<7i fe || -1 starting on a, 
orthogonal to a and having the same lengths 1e\. Let Wm+i be the set of 
endpoints of these geodesies. It follows from the definition of fl ei that Wm+i 
is located inside Q ei . 

Denote by U' M+l the union of all geodesies with respect to metric ||g^ +4 || _1 
corresponding to L^ M+4 ^ that start on Wm+i, orthogonal to Wm+i and having 
the lengths 2e x . Note that W M +i C fi ei C ft (M+4) . 

Let Wm+i bea surface in f2 £l containing Wm+i and similar to So in the 
case of domain U . Since A (1) = A (M+4) on T x (0,T ) and = L( M + 4 ) on 
n ei , Lemma E31 implies that A (1) = A (M+4) on W M +4 x (T',T - T'), where 
T' = max^gjj^ di(x, T ). Now we can repeat for Um+i the same arguments as 
for Uq. Applying Lemma |4~T1 we get that there exists a diffeomorphism v^m+s 

of U ' M+1 onto Um+i, </4f+5 = I on W M +i and c' M+5 (x) G G (^m+i), c' = 1 
on Wm+i such that 

(4.1) c' M+5 o y4 +5 o L( M+4 ) = L« in f/ M+1 . 

Since Z/ M+4 ) = in Q £l we have that (f' M+5 — I on U jvf + 5nn ei . Therefore 
(fi' M +5 is a diffeomorphism on [/ m+5 U f2 £l after extending y^M+s as 7 on fi El 
(c.f. Remark 2.3). Analoguously taking c' M+5 = 1 on f2 £l we get a C 00 - 
function on Q ei U Um+i- Note that Lemma T4. II implies that C/^ +1 C Q*- M+4 \ 
We shall consider first the case when a fl T 7^ 0. We shall prove that 

def 

<Pm+5 = J > c 'm+5 = 1 on ai = a n r . 

Let g be arbitrary smooth function with the support in ai x (T, T — T'). 

Let ui be the solution of L\U\ = on f^ 1 ) x (0, To), «i = u lt = for 
t — 0, Mi|r x(o,T ) — <?■ Also let Um-kOe) be the solution of L^ m+4 ^um+4 = 
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in fi( M+4 ) x (0, T ), u M+4 = = for t = and u M+ 4rox(o,T ) = 9- Since 

A (l) = A (M+4) Qn ro x ji^ and gince L (M+4) = L (l) in we get) by the 

unique continuation theorem (c.f [T]), that U\ = um+a in fl El x (T',T — T"). 

It follows from (14.11) that Wi(x, i) and u M +b(x, t) = c / M+5 (x)w A / + 4((y9 / M+5 )~ 1 (x), *) 
satisfy the same equation L^it = in Um+i x (T', T — T')). Since Ui(x) = 
um+4( x ), = ^ anc ^ c m+5 = 1 on Q £1 x (T',T — T') we have that U\ 

and mjv/+5 have the same Cauchy data on Wm+i x (T', T — X"). 

We have, using again the unique continuation theorem that 
(4.2) 

c'm+5( x ) u m+4(( { p'm+5) 1 ( x ), t ) = u 1 (x,t)m Um+i x (T 1 + 2ei,T -T 1 -2e 1 ). 

Taking the restriction of (14. 2 j) to «i x (T" + 2e±, T — T' — 2e{) we obtain 

(4.3) c^ +5 (x)^((^ +5 )- 1 (x),t) = <?(x,t) in ai x (Xi + 2 £l ,X - T x - 2s,). 

Since g is arbitrary we get that (fi' M+5 = I on a 1 , c' M+5 (x) = 1 onlj. 
Therefore, we take tp' M+5 = I, c' M+1 (x) = 1 on T and get a C°°-functions 
on T U fl £l U Um+i- There is no any obstruction to the extension <p'm+5 = 
!■> c 'm+5 = 1 on To in the case when a (1 T = 0. Thus in both cases 
applying Lemma [2731 we get a diffeomorphism ip' M , 5 of Q( M+4 ^ onto f2^ M+5 ' ) 

</W^ (M+4) ) and c 'm +5 e G (^ M+5 >) such that <p' M+ 5 = t™ T . 

As in the case of the [/-type domain U , denote <£m+5 — V 9 m+5°V 9 m+4, cm+5 — 

c 'm+5 C M+4(¥m + 4( x ))- Tnen we g et tllat 

L (M + 5 ) = L (i) in n £1 uF A/+1 cn (1) nn (M+5) , 

where L^ M+ ^> = cm+5 ° Pm+5 £ ( ' 2 ' ) is an operator on f^ M+5 , (fiM+5 is a 
diffeomorphism of onto , </?m+5 = / on r , Cm+5 £ 

particular, we have a C nd^ M+5 ^ and ^^, 5 maps a C <9f2 < - 1 ' ) onto a' E 
dQ^. Repeating the same construction with each of B(x^ k ',£±) such that 

B(x^ k \e 1 )ndQ^ ^0wegetn £1 U(U^ 1 1 F M+j ) =H (1) , H £1 U (U^M+j) C 

Q (M+Ml+4 an d = cm+Mi+4 ° fM+M^+A ° £ (2) in n 61 U (U^ [/,,•), where 

S2 = ^ M+A f 1+4 (i2 ), ( / 9 A /+M 1 +4(a;) is a diffeomorphism, ^m+a/x+4 = 

JonTo, c M+ M 1+ 4eGo(fi M+Ml+4) ). 

We claim that fi(^+^i+4) = q(i)_ If H (M+Ml+4) ^ then there exists an 
interior point of f2( M + M i+ 4 ) that is a boundary point of f^ 1 ). It follows from 
the arguments similar to the proof of Lemma T3. 21 that this is impossible. □ 
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